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Abstract. Let [X/G] be an orbifold which is a global quotient of a compact almost 
complex manifold A by a finite group G. Let E n be the symmetric group on n letters. 
Their semidirect product G n xi E n is called the wreath product of G and it naturally acts 
on the n-fold product X n , yi elding t he orbifold [X n /(G n xi £„)]. Let Ji?(X n , G" xi E„) be 
the stringy cohomology [FGIUKKl] of the (G™ xi E„)-space A". When G is Abelian, we 
show that the G n -coinvariants of Jtff(X n ,G n x E n ) is isomorphic to the algebra _4{E n } 
introduced by Lehn and Sorger [LS] . where A is the orbifold cohomology of [X/G]. We 
also prove that, if A is a projective surface with trivial canonical class and Y is a crepant 
resolution of X/G, then the Hilbert scheme of n points on Y, denoted by Y^ n \ is a crepant 
resolution of A n /(G™ x E„). Furthermore, if H*(Y) is isomorphic to H* rb ([X/G]), then 
H*(Y [n] ) is isomorphic to H* rb ([X n /(G" x E„)]). Thus we verify a special case of the 
cohomological hyper-Kahler resolution conjecture due to Ruan [Ru] . 



1. Introduction 

The stringy cohomology J4?(X, G) of an almost complex manifold X with an action of a 
finite group G was introduced by Fantechi and Gottsche [FG]. It is a G- Frobenius algebra 
[FGl IJKKlj which is a G-equivariant generalization of a Frobenius algebra. The space of 
G-coinvariants of J^f{X, G) is isomorphic as a Frobenius algebra to the Chen- Ruan orbifold 
cohomology H* rb ([X/G\) of the orbifold [X/G]. 

In this section, assume that the coefficient ring for cohomology is C. Let W be an 
orbifold and ir : Y — > W be a hyper-Kahler resolution of the coarse moduli space W of W. 
Ruan's cohomological hyper-Kahler resolution conjecture [Ru] predicts that the ordinary 
cohomology ring of Y is isomorphic to the orbifold cohomology ring of W. This is a special 
case of the cohomological crepant resolution conjecture and the crepant resolution conjecture 
[RuJ. These conjectures have been verified in many cases, cf. |Pe] IBGPj . 

Among the examples which support the cohomological hyper-Kahler resolution conjec- 
ture, the symmetric product is perhaps the most fascinating. Let Y be a projective surface 
with trivial canonical class. The symmetric group on n- letters, S n , naturally acts on the 
n-fold product Y n of Y . The Hilbert scheme of n points on Y, denoted by Y^ n \ is a hyper- 
Kahler resolution of the quotient space Y n fE n [Be] . Fantechi and Gottsche |FG| showed 
that the ring of S„-coinvariants of M 3 {Y n , S n ) is isomorphic to H*(Y^). Their proof pro- 
ceeds by showing that J4?(Y n , E n ) is isomorphic to the algebra A{S n } defined by Lehn and 
Sorger |LS| where A is the ordinary cohomology of X, i.e. 

J^(Y n , S n ) H*(Y){Z n } =^ H* orb ([Y n /Z n ]) S H*(Y){Z n }^ H*{Y^) 



where the last isomorphism is due to [LS| (see also [Ur[ 



QWl 



LQWp . 
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In this paper, we consider a generalization of the algebra isomorphism on the left-hand 
side of the arrow above. The symmetric group £„ naturally acts on the n-fold product G n 
and their semidirect product G n x E n is called the wreath product of G. It naturally acts 
on the n-fold product X n , yielding the orbifold [X n /(G n x E n )]. This orbifold is called the 
wreath product orbifold of a G-space X. The linear structure of the orbifold cohomology of a 
wreath product orbifold has been studied in a sequence of papers by Qin, Wang and Zhou, 
cf. |QW1[ IWj IWZj through a careful analysis of the fix point loci. However, one of the 
goals of this paper is to analyze the multiplication in stringy cohomology and in Chen-Ruan 
orbifold cohomology of a wreath product orbifold. The multiplication in the special case 
when X = C 2 and G is a finite subgroup of SL2(C) has been studied in \EG\ QW2|. 



The main result of this paper is Theorem 18.21 which proves that, when X is compact 
and G is Abelian, the G n -coinvariants of Jif(X n , G n x S n ) is isomorphic 
algebra to the algebra ^4{E n } where A is the orbifold cohomology of [X/G], i.e. 

J^(X n ,G n x S n ) G " - H* orb ([X/G]){Z n }. 

When G is a trivial group, this isomorphism reduces to the isomorphism defined by Fantechi 
and Gottsche [FG] . 

A key role in this paper is played by the formula (|5.3p for the obstruction bundle of 
the stringy cohomology, which is proved by Jarvis, Kaufmann, and Kimura [JKK2]. Since 
their definition avoids any construction of complex curves, admissible covers, or moduli 
spaces, it greatly simplifies the analysis of the obstruction bundle and allows us to write the 
obstruction bundle of [X n /(G n x £„)] in terms of the ones of [X/G]. See Proposition 17.61 

To relate our result to Ruan's conjecture, we need to work in the algebraic category. 
We observe (cf. [W]) that, if X/G is an even dimensional Gorenstein variety and Y is a 
crepant resolution of X/G, then Y n /Y, n is a crepant resolution of X n /(G n x S n ). Hence, if 
Y is a projective surface with the trivial canonical class, then is a crepant resolution 
of X n /(G n x S n ), i.e. the composition 

yM — > Y n /Z n — ► X n /(G n x £ n ) 

is a crepant resolution. Together with Theorem l8.2l if H*(Y) = H* rb ([X/G]), then we obtain 
a verification, in a special case, of the cohomological hyper-Kahler resolution conjecture: 

H* orb {[X n /(G n x £„)]) * H* orb ([X/G]){Z n }^ * F*(Y){£ n } s " * H*(Y^). 

This conjecture in the special case has been verified in the case when X = C 2 and G is a 
finite subgroup of SL 2 (C) [EG] . 

Our main result, Theorem 18. 2\ fits into a larger framework as follows. We show (Theorem 
12.61) that, if Jtf* is a (K x L)-Frobenius algebra for any semidirect product of finite groups 
K and L, then the space of i^T-coinvariants of Jt? is an L-Frobenius algebra. Thus, we may 
interpret the S n -Frobenius algebra obtained by taking the G n -coinvariants of Jif(X n , G n x 
S n ) as the stringy cohomology of the orbifold [X/G] n with the action of S n . Furthermore, 
in the case of a global quotient, the stringy cohomology is obtained as the degree zero G- 
equivariant Gromov-Witten invariants introduced in [JKK1] for an almost complex manifold 
X with an action of a finite group G, while the orbifold cohomology is obtained by the 
degree zero Gromov-Witten invariants of the orbifold [CR2} IAGV] . The fact that the G- 
coinvariants of the stringy cohomology of G-space X is the orbifold cohomology of [X/ G] , 
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also follows from the fact that orbifold Gromov-Witten invariants of [X/ G] is obtained from 
G-equivariant Gromov-Witten invariants of G-space X by taking its "G-invariants" in the 
sense of [JKK1]. In particular, if G is a semidirect product of K and L where L acts on K, 
there should exist a kind of L-equivariant Gromov-Witten invariants of an orbifold [X/K] 
with the action of L, which is equivalent to the "i'f-invariants" of the (K x L)-equi variant 
Gromov-Witten invariants of the (K x L)-space X. That is, the following diagram should 
hold. 



(K x L)-equiv. Gromov-Witten Theory of X 


IK 




L-equiv. Gromov-Witten Theory of [X/K] 
(as yet undefined) 


/L 




Gromov-Witten Theory of [X/K x L] 



The structure of the rest of the paper is as follows. In Section [21 we review the definition 
of a G-Frobenius algebra and show that, if J^f is an (K x L)-Frobenius algebra, then the 
space of -fT-coinvariants of Jrf? is an L-Frobenius algebra. In Section (3J we study the wreath 
product associated to a finite group G. In Sections H] and [H we review the definition of 
the Lehn-Sorger algebras ^4{S n } and prove a geometric formula (Equation (|5.15p ) for the 
multiplication in the Lehn-Sorger algebra associated to H* rb ([X/G]). In Section [6l we prove 
that there is a canonical E n -graded S n -module isomorphism between #* rfe ([X/G]){£ n } 
and the space of £ n -coinvariants of r J%?(X n ,G n x £ n ). In Sections [7] and we compute 
the obstruction bundle of the stringy cohomology J4?(X n , G n x S n ) by using the formula 
(|5.3p from [JKK2] and prove, in the case when G is an Abelian group, that the isomorphism 
introduced in Section [6] preserves the ring structures. In Section [9l we work out an example. 
In section [TUl we study an example of the simplest case when G is not Abelian. In Section 
[TT| we verify a special case of the Ruan's conjecture. 

Acknowledgements. The author is greatly indebted to his thesis advisor Takashi Kimura, 
who has provided constant guidance throughout the course of this project. The author 
would like to thank Dan Abramovich, Alastair Craw, Barbara Fantechi, So Okada, Fabio 
Perroni, Weiqiang Wang for important advice and useful conversations. 

2. G-Frobenius algebras and semidirect products 

Unless otherwise specified, we assume throughout the paper that all groups are finite and 
all group actions are right actions. Also, unless otherwise specified, all of the vector spaces 
are finite dimensional and over Q, and all coefficient rings for cohomology and K-theory are 
over Q. 

We recall the definition of a G-Frobenius algebra .IKK lj for a group G. 
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Definition 2.1. A G-graded vector space := ® m J^ m which is endowed with the 
structure of a right G-module by isomorphisms p(j) : Jif ^+ Jt? for all 7 in G, is said to 
be a G-graded G-module if p(j) takes J%n to J^-i mj for all m in G. We denote a vector 
in Jf? m by v m for any m £ G, 

Definition 2.2. A tuple ((Jff, p), ■, 1, 77) is said to be a G-(equivariant) Frobenius algebra 
provided that the following properties hold: 

i) (G-graded G-module) (Jf , p) is a G-graded G-module. 

ii) (Self-invariance) For all 7 in G, ^0(7) : — > is the identity map. 

iii) (Metric) 77 is a symmetric, non-degenerate, bilinear form on J^ 9 such that rj(v mi , v m2 ) 
is nonzero only if m\m 2 = 1. 

iv) (G-graded Multiplication) The binary product (t>i,t>2) ^> t>i • t>2, called the multi- 
plication on , preserves the G-grading ( i.e. the multiplication takes J^ mi <8> ^?n 2 
to ^ mi m 2 ) an d is distributive over addition. 

v) (Associativity) The multiplication is associative, i.e. 

(vi ■ v 2 ) ■v 3 = v 1 - (v 2 ■ v 3 ) 

for all vi,V2, and v 3 in Jtf. 

vi) (Braided Commutativity) The multiplication is invariant with respect to the braid- 
ing, 

v mi ■ v m2 = {p{rrq l )v m2 ) ■ v mi 
for all rrii € G and all v mi G Jtf? mi with i = 1,2. 

vii) (G-equivariance of the Multiplication) 

p(7)«i • p(l)v 2 = p(j)(vi ■ v 2 ) 

for all 7 in G, and all fi, ^2 € ^ ■ 

viii) (G-invariance of the Metric) 

V(p(l)vi, p(j)v 2 ) = ri(v 1 ,v 2 ) 

for all 7 in G, and all v±,v 2 £ . 

ix) (Invariance of the Metric) 

rj(vi ■ v 2 ,v 3 ) = r](vi,v 2 ■ v 3 ) 

for all v\, v 2 , v 3 G Jt? . 

x) (G-invariant Identity) The element 1 in Jtf{ is the identity element of the multipli- 
cation, which satisfies p("f)l = 1 for all 7 in G. 

xi) (Trace Axiom) For all a, b in G and v in ^[ a ,b] > ^ denotes the left multiplication 
by u, then the following equation is satisfied: 

Tr^ a (L v p(b- 1 )) = Tr M (p(a)L v ). 

Definition 2.3. A G-Frobenius algebra Jif is said to be Q-graded if we can write 

and there exists a non-negative integer d such that = 0ifr<0orr> 2d. Furthermore, 
the G-action, G-grading, multiplication respect the Q-grading and the metric has grading 
—2d. In this paper, we assume that all G-Frobenius algebras are Q-graded. 
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Definition 2.4. A G-Frobenius algebra when G = {1} is called a Frobenius algebra. 

Remark 2.5. We can also define a G-Frobenius superalgebra |Ka| by introducing Z/2Z- 
grading and by introducing signs in the usual manner. 

Let K and L be groups. Let L act on K and we denote the action of I G L on k G K 

by k h- > fc'. Let X x L be a semidirect of groups X and L with respect to this action. We 
identify K with the normal subgroup K x 1 and hence the adjoint action of L on K can be 
identified with the given action of L on K, namely, k = l~ 1 kl. 

Let ((Jf?, p), •, 1, 77) be a (if x L)-Frobenius algebra. Let J^ a ] := ©fcex^fea and let 
ttk ■ j4? — * ^ be the averaging map over K: 

The image ttk{J^) is the space of if-coinvariants of Jf?, which we denote by J4? K . Let 
:= 7rjc(j£j7]). 

Theorem 2.6. If Jf? is a (K x L) -Frobenius algebra, then J4? K is an L-Frobenius algebra. 

Proof: All of the properties except the self-invariance property and the trace axiom 
follow immediately from those properties of Jf. The self-invariance property of Jt? K is 
that, for all / G L, p(l) : —> is the identity map. This is true because of the 

self-invariance property of Jff. Indeed, for all kl G K x L, p(kl) restricted to J$?m is the 
identity map so that p(k) = pil^ 1 ) on J4?ki- Hence, for all v G J%k U 

p(iMv) = E pW)p(i)v = 7^ E p(*>(*b ^ = E = 

' ' k'eK ' ' k'eK ' ' k"eK 

where we have used the self-invariance property of J$? at the second equality and the third 
equality is obtained by the change of variables k" = k$k' . Since any element of Jft^f is 
represented by ttk( v ) f° r some v G J^k h we have proved the self-invariance property of 

The trace axiom for J$? K is the following equality, 

T^jgfXLvm ° PV2 1 )) = "hjexMi) L Vm ), 

I'll L'2J 

for lx, I2 G L and v m G wnere m= [h, h]- The left-hand side is 
Tt^k (L Vm o p^ 1 )) = Tr M ( h] (L Vm o p^ 1 ) o ir K ) 

ki,k 

= i^E^h^ ^ 1 ^ 1 ) 

ki,k 2 

= Tr ^k 2 i 2 (p( k ih) °L V J, 

ki,k 2 
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where the third equality is obtained by replacing the parameter k l z by fc 2 1 and the fourth 
equality follows from the trace axiom for Jtif. The right-hand side is 

k\,k,2 

= Tk\ ^2 Tr '«2'2 0i »J- 

where the second equality follows from the cyclicity of the trace and by replacing the 
parameter k± by k\. Thus, the trace axiom holds for the iT-coinvariants J4? K . □ 

3. The wreath product G 1 x £/ 

In this section, we review the wreath product of a group G (cf. [W] ) to fix the notation 
and also to establish a technical lemma which we will use later. 

Notation 3.1. The set of conjugacy classes of G is denoted by G. For all a G G, let Zq[ol) 
be the centralizer of a in G. The subgroup generated by the subset {ctk}k=l,- ,r of G is 
denoted by (a\, • • • , a r ). For a finite set J, let G J be the set of maps, Map(J, G), from J 
to G. It is, of course, non-canonically isomorphic as a set to the | J|-fold product where 
| J | is the cardinality of J. For all g G G J , gi denotes the image of i G J under g and is 
called the i-th component of 5. Let A^ : G — > G* 7 be the diagonal map and let A^, be the 
image of G under A J . The same notation is applied to any set, i.e. if X is a manifold, then 
X J := Map( J, X) and X{ is the i-th component of x G X" 7 for all i G J. Aj^ is the image of 
X under the diagonal map A J : X —> X J . 

Let / be a finite set of cardinality n and let £/ be the permutation group of the set /. For 
all (TjTGEj, let 0(0") be the set of orbits in / under the action of the subgroup (a) and let 
o(<7, t) be the set of orbits in / under the action of the subgroup (a, r). Using the natural 
action of S/ on G^, we obtain the semidirect product G 1 x X/. Namely, for all cr G £/, 
define in G 1 by gf := g a (i). We denote an element of G 1 xi by for all g £ G 1 and 
uES;. The product of ga and /ir in G 1 x is 

ga ■ hr = gh a ar 

for all g,h £ G 1 and <r, r G X/. We also observe that the action of G 1 by conjugation on 
G 1 x Ej preserves the coset G 1 a = {ga | g G G 1 } for each cr G X/. 

Definition 3.2. For each a G o(cr), choose a representative i a G a. For all g £ G 1 and 
a G o(a), define 

|a|-l 
fc=0 

and let ip a (g) be the element of G°^ that has components {tp a (g) a } a eo(a)- Call ip a (g) a 
cycZe product of 5 with respect to cr associated to {i a }- 
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For example, let I = {1,2,3,4,5} and define o by o(l) = 3,<r(2) = l,<r(3) = 2,<r(4) = 
5,cr(5) = 4. We have o(cr) = {01,02} where a\ := {1,2,3} and 02 := {4,5}. If we choose 
2 G ai and 4 G a 2 , then ^(5) G G{ 01 >° 2 > is 

The cycle product depends on the choice of representatives {i a } and if we choose different 
representatives, then each tp a (g) a will be conjugated by some element 7 a in G. In the 
example, if we choose 3 G a\ instead of 2 and 5 G instead of 4, then if) a (g) is 

V(.g) ai = 919293, V(9)a2 = 9495, 

and 7 01 = 03 and 7„ 2 = 05. Hence, the componentwise G-conjugacy class, i^ a (g) G G°^\ is 
independent of the choice of representatives {i a }. 

Now we compute the orbits of the action of G 1 by conjugation on G 1 x Ej. 

Definition 3.3. For all g G G°( a \ let 5 be the element in such that g a is the G- 

conjugacy class containing g a for each a G o(cr). Define 

O (7:={ S <7€G ; (7 I 1^)=q}. (3.2) 

C (T is independent of the choice of representatives {i a } and clearly, O 5 o = O^o if and only 

if 5 = 5. 

Proposition 3.4. If Q = ip a (g), then O g o is the orbit of go under the action of G 1 by 
conjugation on G 1 x £/. 

Proof: Choose a representative i a in a for each a G o(cr). We define two elements e g and 
v°{g) in G 1 . For each g G G ^) and j G I, let 

( e _), :=\ 9a [ij = ia (3.3) 

V eJj [1 otherwise. V ; 

For each g G G 1 , let 

V C {g)o™{ia) '■= ff<T" l (ia)fl'<T'"- 1 (ia) ' "9a°(i a ) ( 3 - 4 ) 

where m = 0, • • • , |a| — 1. In particular, z/ 7 (g^n -i(j Q ) = ip a (g)a- Note that each element in 
/ can be represented uniquely by o m (i a ). If g = ip a (g), then we have 

^(g)- 1 ■ go ■ v°{g) = ^(g)' 1 ■ g ■ v^gf" o = e e o (3.5) 
so that go and e g o are in the same orbit. Indeed, if m 7^ 0, 

WisY 1 ■ 9 ■ v a {gY 1 )o*»{i a ) = u<7 (9)~l {ia) ■ g^a a ) ■ ^teW-i^) = i- 

If m = 0, 

K^r 1 • 5 • ^r'k = " a (g)*H-i {ia) = r(g)a, 

since o~ l (i a ) = o\ a \~ l {i a ). 

On the other hand, for all g and g' in G o( - a \ there exists an / G G 1 satisfying e s o = 

/ _1 e '0"/ if and on b7 if there exists / G Uaeo(a) A G such that 0" = fi'J'dafia for each 
a G 0(0). 
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Thus, go and g'a are in the same orbit if and only if g = g' where g := ip a (g) and 
Remark 3.5. For all g G G 0<yCr \ we have 

z&m= n A L( Sa )- ( 3 - 6 ) 

aEo(<r) 

In particular, Z G i (e g a) = Y\ aeo ^ if G is Abelian. 

Lemma 3.6. Suppose that G is an Abelian group and that (a, r) acts transitively on I. Let 
g G G o(<t) and fj G G°( T ). Let a G o(o-), b G o(r) and c G o(ctt). The multiplication of the 
group G 1 x £/ yields a map 

OgdxO^r^y^r (3.7) 
w 

where the disjoint union over ro runs over the elements of G°^ aT ^ such that JT ro c = 
f7 a 0a lib bb- There are (G 1 x G I )-actions on O s a x C(,r and |_| ro ro <7T, and f/ie map 
fg, 7| ) is equivariant with respect to these actions. Furthermore, the action of G 1 x G on 
Lire ^re " 7 " ^ s transitive and, in particular, all of the fibers have the same cardinality. 

Proof: Let r := |o(ot)| and o(ctt) = {ci,C2, • • • ,c r }. There is the action of G 1 x G 1 on 
O g a x OfjT by componentwise conjugation and, by the map (|3.7p . it induces an action of 
G 1 x G 1 on U ro O^ar, i.e. for all f u f 2 G G 1 , 

war — ► f x f{ (f 2 ) $ war. 

The map (|3.7f) is equivariant with respect to these actions. The action of the subgroup 
generated by all diagonal elements (g,g) G G 1 x G 1 on |J W O n ar coincides with the action 
of G 1 by conjugation on |_| w O m ar. Hence, to prove the transitivity of the (G 1 x G 7 )-action 
on \_\ w O w cft, it suffices to show that, for a given ro such that JT C ro c = Y\ a g a ■ Y\ b rjb, there 
exists an / G G such that e s a • /e^r/ -1 belongs to OxvO~t. However, such an / is a solution 
to the following set of r equations for the {fi}i^i where k = 1, • • • , r: 



n^c^w/rw/r 1 - ( 3 - 8 ) 



Let us call the equation associated with the /c-i/i equation. Let -B/% := (c r \r(cfc)) U 
(r(cfc)\cfc) and then the fc-th equation is an equation for {fi}i € B k - Observe that the product 
of all r equations is Y[ c K> c = Y[ a ga Ylb ^6- Hence, if / in G 7 satisfies the first r — 1 equations, 
then it satisfies the r-th equation trivially. 

Let m = 1, ■ ■ ■ ,r — 1. Since o(ctt, t) = {I}, there exists j m G -B m such that j m is not 
contained in Bf. for all = 1, • • • , m — 1. If we are given /;£G for all i G A{j m }^=^,, the 
fc-th equation determines fj k uniquely. Hence, once we choose fi in G for all i G A{im}m^i> 
by induction on k, we uniquely find {fj m Ym=i satisfying the set of equations (13. 8jl . 

Thus, the action of G J x G 1 on [J^ O n o~T is transitive and, in particular, the cardinality 
of each fibre is |G|«+i-kMH°MI . □ 
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4. The Lehn and Sorger algebra 



In this section, we review the algebra ,4{£/} introduced by Lehn and Sorger [LSJ asso- 
ciated to a Frobenius algebra A. In particular, A could be the ordinary cohomology ring 
of a compact almost complex manifold of complex dimension d. In this paper, we will be 
primarily interested in the case where A is the orbifold cohomology ring of a global quotient 
of a compact almost complex manifold of complex dimension d by a finite group. 

Definition 4.1. Let A be a Frobenius algebra. The associative multiplication \jl defines 
the multi-product A® n — > A by 



xi 



x n i-> xi • x 2 • 



x r . 



which will also be denoted by [i. Let \i* : A* — > A*® - ■ -0.4* be the dual of the multi-product 
jj,. Let rf be a map which sends elements of A to A* by 



x 



We can extend rf to the map A • • • A — > *4* ■ ■ ■ A* by applying rf to each factor, 
which we also denote by rf . We can define the comultiplication m* : A — > .A®" by 



A* 



Definition 4.2. Let [n] := {1, • • • , n} and let J be a finite set of cardinality n. Let {Aj}j G j 
be the collection of copies of A indexed by J. A® J is defined by 



A* 



A m ®---®A f{n) 



\f:[n]-2*J 




~-> I and the action of the 
is induced by the bijections 



where the direct sum runs over the set of all bijections [n] 
permutation group S n of [n] on f® Af(l) • • • -A/(n) 

from [n] to J. 

For any finite sets J\,J2 and a surjective map <f> : Ji — > J2, the multi-product and 
comultiplication in Definition 14.11 can be generalized to the maps 6* : A Jl -> and 
0* : *4^ 2 — > A Jl respectively. Let n := \J\\ and k := [J2I. Consider the ring homomorphism 
4>n,k '■ A® n — ► A® k which sends a\®- ■ -0a n to (ai0- • -0a m )0- • •®(a ni+ ... +nfe _ 1+ i®- • -0a n ) 
where := Choose a bijection g : [k] — ^ J2 and then there is a bijection 

/ : [n] — ^ J\ such that, for each i € [A;], one has (f)^ 1 (g(i)) = {f(ni + • • • + rii-\ + 
!),-•• , f{ri\ + ■ ■ • + rii)}. The composition 



b* : A h 



A^ 



A 32 



is independent of the choices of / and g, where the first and third maps are obvious iso- 
morphisms induced by / and g. Let : A J2 — ► A Jl be the linear map adjoint to (f>* with 
respect to the metric induced from the metric on A. In particular, if J\ = [n] and k = 1, 
then <j? and are the multi-product 11 and the comultiplication m* in Definition 14.11 
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Definition 4.3. The Euler class e of A is the image of 1 under the composition of the 
maps 

A^> A®A^ A . 

Now we define the algebra *4{£/}, following [LS]. Let *4{£/} be the S/-graded vector 
space 

A{^} := A® o{a) ■ a . 

Let deg x be the Q-grading of x € A®°^ and let d be the half of the top degree of A as in 
Definition E3J The Q-grading of xcr G A®°^ ■ a is defined by 

deg L5 xa:=(degx) + ^ (4.1) 

where l a is the length of the permutation a. 

We have a X/-action p on _4{£/} which preserves the Q-grading, namely, the action 
of a G E/ on / induces a bijection o(r) — ^ o(o" _1 to") for each r G S/ and hence an 
automorphism of ^4{S/}, 

p(cr) : ^ o(r) • r • (j-W 

In particular, since the action of cr on o(cr) is the identity map, the induced action p(a) on 
A®o{a) . a ig tlie i(i ent i ty map 

For all it, t G £/, we have the following maps by Definition 14.21 

f* : A o{u) -» *4 o(,t ' t) , /I : ^ o(t) ^ o(ct ' t) and / 3 * : A°^ r) -> ^ o(<Jr) 
induced respectively from the canonical surjections 

/l : o(cr) -» o(cr,r), / 2 : o(r) -» o(a,r) and / 3 : o(frr) -» o(ct,t). 
The product on _4{£/} is defined by 

xcr • yr := / 3 *(A*(x) • / 2 *(y) • t* d ^) ■ or (4.2) 

where 

t gd((T,T) ._ zO\ t gd{cr,T) c 



c£o(a,r) 

and 

gd(<r,r) c := i(|c| + 2 - |e/<cr)| - |c/(r)| - \c/(ar)\). (4.3) 

gd{cr, t) c is called the graph defect of cr and r on c G o(cr, r) and is a non-negative integer 
by Lemma 2.7 in [LS] . By Proposition 2.13 in |LSj . the multiplication defined by Equation 
()4.2p is associative and S/-equivariant. By Proposition 2.14 in [LSj . the multiplication is 
also braided commutative. The metric r/ is defined by 

. . 1 77(1, xcr • yr) if ar = id lN 
r,(x(7,yr) := { A ' y ; . (4.4) 

I U otherwise, 

where r\ on the right-hand side of the equality is induced from the metric on A 1 . This metric 
is non-degenerate and S/-invariant by Proposition 2.16 in [LSj. The braided commutativity 



ORBIFOLD COHOMOLOGY OF A WREATH PRODUCT ORBIFOLD 



11 



and the self-invariance axioms imply that this metric is symmetric. The associativity of the 
product implies the invariance of the metric. Thus, we have shown the following. 

Proposition 4.4. _4{£/} satisfies all the axioms of a Q_- graded Tii-Frobenius algebra except, 
possibly, the trace axiom. 

Remark 4.5. If A is connected, that is, the subspace of all elements with trivial Q-grading 
is 1-dimensional, then it is straightforward to prove that ^4{S/} satisfies the trace axiom. 
Indeed, the traces of L v o /c(r _1 ) and p(a) o L v are zero for any homogenous element v € 
„4°([ CT ' T ]) • [<t, t] unless v = 1 and [a, r] = id. Hence, the trace axiom is trivially satisfied. 

Remark 4.6. We will later prove that .4{E/} satisfies the trace axiom if A is the orbifold 
cohomology of a global quotient of a compact almost complex manifold with an action of a 
finite Abelian group, or if A is the center of the group ring of any finite group. 

Remark 4.7. Let A := {d} be a partition of /, i.e. for all d ^ d! 6 A, d fl d' is empty and 
Ud£\d = I. A partition A' of I is a subpartition of A, denoted by A' < A, if and only if each 
d' £ A' is contained in some d G A. Consider the following subspace of .A{E/} 

A{^}(\):= A°W-v. 

o(a)<\ 

It is clear that this subspace is actually a subalgebra and we can show that there is a ring 
isomorphism, 

^{£ 7 }(A) - (gM{£ d }. (4.5) 

deA 

In fact, if o(a) < A and o(r) < A, then we have o(a, r) < A. Let fx : o(a, r) ^ A be the 
obvious surjection. Let r := |A| and choose a bijection / : [r] — ^ A. Let Ck ■= f(k). If 

x = xi <g> • • • (8>x r and y = y 1 (g> • • • (g> y r for x k G ^(/A /i) _1 (cfc) an d y fe G j[(fxof 2 )- 1 (c k ) ; 
we have 

r 

xa • yr = (g) / 3 ,*.(/r, fc (x fc ) • / 2 %(y fc ) • ) • (4.6) 

fc=i 

where /j^ : (/a o /j)~ 1 (cfc) ^> {A;} for i = 1,2,3 are the obvious surjections induced by /, 
fx and fi's. 

5. The Lehn and Sorger algebra associated to orbifold cohomology 

We review the definition of the stringy cohomology and the orbifold cohomology, following 
[FG] and [JKK2] . Let X be a compact almost complex manifold with an action of a finite 
group G preserving the almost complex structure. Denote the action of G on X by p. For 
any set of r elements in G, {a\,a2, • • • , a r }, we denote the fixed point locus of (or, • • • , a r ) 
in X by X ai '"'' ar . Define the inertia manifold of X by 

I G (X) := {(x,a) GlxG p(a)x = x} = |J X a . 

Let (X, G) be the ordinary cohomology H*(Ig(X)) of Ig(X) and it is a G-graded G- 
module where 

JT(X, G) = := iT (X a ). 
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The subspace generated by vectors that are graded by non-trivial group elements, © a -^i ■> 
is called the twisted sector. Let a, (3 € G and let q : X a,!3 w X a/3 be the canonical inclusion 
map. For x G H*{X a ) and y £ .fP(X^), their product is defined by 

x y := q* [x| XQ ,/3 U y| X c./3 U c top {B8{a, (3))] (5.1) 
where M[a., (3) is the obstruction bundle over X a ^ introduced in [FG]. Let 

c{a,p)-.= c top {®{ct i p)). (5.2) 
In [JKK2J, the following equality in the iT-theory of X a, P , X(X a '^), is shown: 

^(a,/3) =TX a ' /3 eTX| XQ , /3 ®y a \ Xa>B ® yp\ x <*,0 ® <^{ a p)-Ax<*,B- (5-3) 
Here, the class 5^ a in ET(X a ) is defined by 

^ := -W a , k (5.4) 

fc=0 

where r is the order of a, and is the eigenbundle of W a := TX\x a such that a acts 
with the eigenvalue exp(— 2Trki/r). In particular, the rank of S? a on a connected component 
G of X" is called age of a on C and is denoted by age(a)c- It is worth noting that, for 
every a, (3 and 7 G G, 

^ Q = P (py^-i af3 (5.5) 

where : X a ^ X^ ap , and 

p(Tf)*&(a, 13) = M ( 7 _1 «7, 7~V7) (5-6) 

where ,3(7) : -=-> X^ 1 ^" 1 ^. 
The metric 7/ of J4?(X, G) is defined by 



r](x,y) / xUi*y 

Jln(X) 



'Ig(X) 

where 1 : Iq(X) — ► Iq{X) is the canonical G-equivariant involution on Iq{X) taking X Q to 
X a . With the product and the metric above, J^{X, G) becomes a G-Frobenius algebra 
and is called the stringy cohomology of G-space X. For a global quotient [X/G], the G- 
coinvariants of the stringy cohomology is isomorphic as a Frobenius algebra to the orbifold 
cohomology of Chen-Ruan (CRlj . i.e. 

Jt?(X,G) G = H* orb ([X/G}). 

Lemma 5.1. Let X be a compact almost complex manifold with an action of a finite 
group G. Let e be the Euler class, as defined in Definition \4-3[ of the orbifold cohomol- 
ogy H* rb ([X/G}). We have 

e = c top{TX a ^) 

a,/3£G,af3=l3a 

where r a p : X a,/3 ^ X is the canonical inclusion for all a, (3 in G. 
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Proof: Let X\/G, ■ ■ ■ ,X r /G be connected components of the quotient X/G and then 
each of them is itself an orbifold. By Definition 14.31 the Euler class of H* rb ([X/G]) is 
e = ei + • • • + e r where tk is the Euler class of H* rb ([Xk/G\). Hence we can assume that the 
quotient space X/G is connected without loss of generality. 

Let x(M/r) be the T-equivariant Euler characteristic for a compact manifold M with an 
action of a finite group T. The following identity is well-known (c.f. [ASJ): 

x (M/T) = ±-S2x(M a ). (5.7) 

Let C a be the conjugacy class of a in G and vol is the G-invariant class of a volume form 
of X. By Definition S31 

e = \°\ E T^iX(X a /Z G (a))vol 

By Equation (15. 7p . we obtain 

t = x(X°" fl )vol= £ r a ^c top (TX a 'P). 

af3=/3a otf3=fta 

□ 

We compute the multi-product /x : H* rb ([X / 'G])® n — » i?* rf) ([A"/G]) and comultiplication 
ra, : H* rb ([X/G\) — > if* r?) ([X/G]) lX,n given in Definition [O in the next two propositions. 

Remark 5.2. For all g G G 71 , let A n : X 9l >-> 9n J9i x ■ • • x be the diagonal 
embedding. Let E H*(X 9k ) for all k = 1, • • ■ , n. We regard xi <8> • • • <8> x n as belonging 
to H*((X n ) 9 ) by the Kiinneth theorem. We have 

Xi\ Zn U ••• Ux n | z „ = A*(xi (8) ••• ®x n ) 

where Z n := X 9l >-' 9n . 

Proposition 5.3. (Multi-product) Suppose that G is an Abelian group. For all g E G n and 

xi <8 ••• ®x n E i7*((X™)fi') G ' n , we ftaue 

/x(x! (8) • • • (g> x n ) = r n * (A* (xi <g> ■ ■ ■ <8> x n ) U c(c?i, • • • , (5.8) 

where r n : Z n <^-> X 9l "' 9n is the canonical inclusion and c(gi, ■ ■ ■ ,g n ) is the top Chern class 
of the vector bundle which is equal to the following element in K(Z n ): 

n 

TZ n QTX\ Zn ®Qy gi \ Zn ®y igi ... gn) -x\ Zn . (5.9) 

k=l 

Proof: We will prove the proposition by induction on n. When n = 1, the Equation 
()5.8|) is trivial. Let ^eG and x^ E H*(X 9k ) for all k = 1, ■ • ■ ,n and suppose that 

fi(x 1 <gi ■ ■ ■ g> x n _i) = r n _i* (A*_ x (xi g) • • • g) x n _i) U 0(51, • • • . (5.10) 
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Consider the following commuting diagram 

(5.11) 



Z n > X gi-g„-i,g„ 

and the maps 

( 71 j^-ai— sn-i,Sn 72 ; x 9l "' 9n (5-12) 

where all of the maps are the obvious inclusions. The excess intersection formula |Qu| 
associated to diagram (15. lip yields the identity in H*(Z n ), 

tgr n _i*(x) = t 2 *(ii( x ) u E n) (5.13) 

where E n = c top (TXn~9n-i\ Zn TZn Q TX^"^-^\ Zn Q TZ n ^\ Zn ). By associativity of 
the product, we can write /i(xi (g> • • • <8> x n ) = /if(xi ® ■ ■ ■ Cg x n _i) • /u(x n ). The right-hand 
side is computed as follows. 

/i(xi (8) • • • g) x n _i) • /i(x n ) 
= 72* [<|r n _i* (A*_ x (xi (g--- ®x n _i) Uc(#i,-- - ,5n-l)) U 7j"x m U c(#i • • • # n _i, g n )] 
= 72* [t2* (t* (A*_i(xi (g) ■ ■ • ®X n _i) U c(5i, • • • ,5n-l)) U £„) U7*x n U c(#i • • -5n-l,5n)] 
= (72^2)* [4 (A*_ X (X1 <g • • • (g) X n _l) U c(pi, • • • jffn-l)) U£„U t2(7l x n U c(#l • • • 0n-l, 

= r n* [A*(xi <g ■ ■ ■ (g>x n ) U c(5i,- • • ,g n -i)\z n U£„ U c{gi ■ ■ ■ g n -i,9n)\z n ] 

where the first equality follows from the definition of the product in Equation (|5.ip and 
the induction hypothesis, the second equality follows from Equation (|5.13p and the third 
follows from the projection formula. Finally, 

c(gi, ■ ■ ■ ,g n -i)\z„ u E n u c(gi ■ ■ ■ g n -\, 9n)\z n 
is equal to the top Chern class of the bundle which belongs to the following class in K(Z n ), 

n-l 

TZ n - X \ Zn QTX\ Zn ©0^ w |z tt ® ^{gr-g^-AZn 
k=l 

®TX^- 9 ^\ Zn ®TZ n QTX^- an -^\ Zn eTZ n _ l \ Zn 

®rF-*- i *| z „erib„®y 91 ..,„jz„ffly Jn b„®y (91 ..,„ ) - 1 |z, 

This class in K(Z n ) simplifies to 

n 

rz n e Tx\ Zn ®0y 9 ,| z „ © y {91 ... 9n) -i\z n 

k=l 

where we used the identity 

^g x -g n -x ®>?^{g,-g n -^ = TX^-^ 0TF"^. 

□ 
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Proposition 5.4. (Co-multiplication) Suppose that G is an Abelian group. For all x a (E 
H*(X a ) G , we have 

m*(x Q ) = -L E P(3)[A*(r*x Q U C (/fV-- J' 1 ))] 
' ' /€G n 3GG™ 

where the first sum runs over all elements f in G n such that f± ■ ■ ■ f n = a, and where 
r : X-f 1 ''"'^ <—* X a is the canonical inclusion and A : X^ 1 ''"'?™ — » X^ x • • • x X$ n is the 
diagonal embedding. 

Proof: The co-multiplication m* restricted to H*(X a ) G is denned by the following 
commuting diagram: 

H *(X a ) G /eG " H*(X^ x • • • x X^) G " 

ri b [ ](v i ")- 1 (5.14) 

( H *(X<*- l fy /gG „ ^{Xfi 1 x ••• x X^f* 

Let vr : X a ~ -» {pt} and vr' : X^ x • • • x — > {pt} be the obvious projection maps. For 
all x Q e J £F(X Q ) G , r/ b (x a ) is the linear functional on H*{X a ^) G taking 

x Q -i i-» |^7r*(x Q -i U t*x a ). 

Since ^* is the dual of the multiplication, fx* orf '(x Q ) is the linear functional on i^* rfe ([X/G']) lX,n 
which sends y € i?* r , fe ([X/G'])® n to ^^(^(y) U t*x a ). Applying Proposition 15.31 we can 
write 

y^77r*0u(y) U fc*xa) = ^ —tt* (r* (A*y U c(/f \ • • • , J" 1 )) U 6*x Q ) 

where the sum on the right-hand side runs over / £ G n such that /i • • • f n = a. Furthermore, 
using the projection formula, the right-hand side is equal to 

E T G -\ 7T * ° r * U ' • • ' fn *) U r*x a ) 

= E i^l < ° A * U ^/l" 1 ' • • • ' fn") U r*x Q ) 

/gg™ ' ' 

= E T^<(y uA *( c (/r 1 >---'/n 1 ) Ur * x «)) 

/gg™ ' ' 

= E jgi< ( 7^7 E p(^)(y) u A * i<fr\ • • • > z; 1 ) u r * Xc 

/gG" 11 VJ 1 3 gG" 

= ^4 yU ^ E^)[ A *W/r 1 '--->/n 1 )ur* Xa )]) 

11 \ 11 /GG™ gGG" / 
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where the first equality follows from the commutative diagram 

Xh,-,U X h x • • • x X** 



{pt}. 



The second equality is obtained by the projection formula and the third equality follows 
from the invariance of the metric and the fact that y is G-invariant. The fourth equality 
follows from the invariance and the linearity of metric. □ 

Remark 5.5. Propositions 15, 3 l and 15.41 can be generalized to the maps (ft* and (ft* in Defi- 
nition SJ] where eft : J\ — > J2 is a surjective map of sets. For all g G G Jl , define 4>(q) € G Ji 
by 

^(tOj := n * 

for all j € J2. Let 

r s : n x {s ^ ie ^ i{j)) > yi x ^ (sh 

be the canonical inclusion and let 

A g : Yl X <0l|ie ^ 1(j)) -» (X Jl ) s 
3&J2 

where A fl restricted on X^ Si * e< ^ 1 ^ is the diagonal map to Ilie^-Hfl) XOi ■ 
The multi-product y, : H* ((X Jl )®) GJl -» H* ((X J2 )^) gJ2 can be written as 

M( x ) = r a* A g( x ) U0c ({flOie^-Hi)) 

V j6j 2 



The comultiplication m* : H*((X J2 ) 



f)\G J 2 



m 



*(*) = E E ^(0) 

feG J i eG J i 



H *orb([ X l G \) can be written as 



where the first sum runs over all of the elements f G G^ 1 such that </>(f) = f). 

We henceforward adopt the following notation: 
Notation 5.6. Let I\,l2, ••• ,I n be finite sets. Let Qj k G G /fc where A; = 1,2, 



, n. Let 



(fl/u ' ' ' >0i"n) be the subgroup of G generated by all of the components of the Qj k 's. We 
denote the fixed point locus of {qj 1 , ■ ■ ■ ,Qi n ) by X Bl i' Sx n>'"> Bl n. Let J be a finite set. For 
all g <E G J , define ^ := 0, e j &nj\x* ■ If G is Abelian, define 0(0^,0/3, • • • ,0j„) to be the 
top Chern class of the vector bundle representing the element in K(Z), 

n 

tz e tx\ z e y 5Ik \ z © | z . 
fc=i 



ORBIFOLD 



COHOMOLOGY OF A WREATH PRODUCT ORBIFOLD 



17 



Here Z 



„ := x^^-^n an d a : = ]J n k=1 U ie i k (fl/Ji G <?. 
For example, if g := (fli,fl 2 ) and fj := (f)i, f) 2 , ta), then X >*> = X 01 > 02 ' l > 1 ' ( > 2 > l > 3 , 



^ 32 |X91'92 



and 



c(g, f>) = c top (tz © rx| z e y 61 \ z © ^ 02 | z © ^ | z © | z © | z © y^^^-i \z) 

where Z := Jf 01 ' 02 '^ 1 '^ 2 '^ 3 . 

Lemma 5.7. Ze£ G &e an Abelian group and let a,T G £7. Suppose that (a, r) acts on / 
transitively and let gd := gd(a, r)j. Let 5 G G ( CT ) ana 1 fj € G ( T ). Zei Z ro := X^> m for each 
tv G G o( - aT ^ such that Y\ c *°£ = EL fa lib *ltt) anc ^ Pro be the diagonal embeddings 

(X o(ct) ) 9 x {X°^f Z m 3*L> (X ^)™. 

If xl G H*({X ^y^) G ° (a) and y G iJ^rW) 1 ))^, tfr en 

■ yr= |GT ^ p(a) ^q ro , ( P ;(x©y)Uc( ,[))!z ro Ue^| Zro U^ltJ- 1 )!^ U^ n 



xcr- 



aGG°(' TT ) 



(5-15) 

where the sum over tv runs over all elements of G o( - aT ^ such that Y\ c ro c = Y[ a 0« Fife §b> an d 
E w :=c top (TX^ c \ Zm ®TZ m QTX^\ Zm © X w \ Zm ) . 
Proof: Consider the following diagram of the obvious inclusions: 

(5.16) 



x m . 



S2 



The excess intersection formula associated to the above diagram yields the following identity 
in H*(X W ): for all a G H*(X^), 



r *w r 9,f)*(«) = s 2* (si(a) U -E n 
Consider the following sequence of maps, 



(5.17) 



(5.18) 
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where A fl j, and A ro are the diagonal embeddings. By the definition of the product in the 
Lehn-Sorger algebra and by Remark 15.51 (see also Proposition 15.31 and 15. 4|) . 



xcr • yr 

W\ ^ p{a 
W\ E p( a 



oGG°(' TT ) 



A ro# (r; [r 0i „* (A* >( ,(x ® y) U c(g, f)))] U e 9d | x ™ U ^trr 1 ) 

w 

A w (s 2 * [si (A* if) (x y) U c(fl, fj)) U £7 B ] U e 9d |x» U cO" 1 ) 

w 

1^1 S ^ ^ A m* os 2* (s* (A* 6 (x®y) Uc(g,f))) U^UsJ^lx" Usjc(lt)- 1 ) 
|G| ^ p(o) ^q ro * (p* ro (x®y)Uc( ,f))|z ro US ro Ue 9d | Zro U^tt)- 1 )!^) 



aGG ( aT ) 

where the second equality is obtained by the excess intersection formula (|5.17p . the third 
follows from the projection formula and the fourth is obtained from the equalities A ro os2 = 
q ro and s x o A g>tl = p m . □ 

Remark 5.8. By Remark 14. 71 and 15. 51 it is straightforward to generalize Lemma 15.71 to the 
case when (a, r) doesn't act on / transitively. 

6. The wreath product orbifolds 

Definition 6.1. Let X be a compact almost complex manifold with an action p of G. Let 
/ be a finite set of cardinality n. There is a natural right action of the wreath product 
G 1 x £/ on X 1 , which we also denote by p. Namely, p(ga)x G X 1 is defined by (p(ga)x)i := 
p{9a{i)) x a(i) f° r an 9 a S G 1 x Sj. Thus, we have an orbifold [X 1 /G 1 x Xj] which we call a 
wreath product orbifold. 

The following lemma is due to [WZJ . 

Lemma 6.2. Choose i a G a for each a G o(a). For all g G G 7 , Zet := ip a {g) be the cycle 
product defined in Equation h3. 1}) . The fixed point locus of ga in X 1 satisfies 

(x*r = P^(g)- 1 ) n A^ 9a 

aGo(<r) 

where v a {g) G G 1 is defined in Equation Jff.^p. 



Proof: It suffices to show the lemma when a is a full cyclic permutation. In that case, 
we have o(a) = {I}. Let i be the chosen element in / so that g = g^n-iM • • ■ g a {i)9i- Let e 
be the element in G 1 defined in Equation (|3.3p . For each j G /, we have 



(p(e g a)x)j 



p(Q)xi if a(j) = i 



Mi) 



otherwise. 
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Therefore, (X I ) es ' J = A^ g . On the other hand, we have ga = v° '{g)e Q av° (g)^ 1 by Equation 
(pp|) . Hence, 

(X 1 )^ = piy^gY^X 1 )^ = p^ig)- 1 )^. 

_ □ 

Choose a representative for each conjugacy class in G once and for all. For any index set 
J and g 6 G , let g be the representative of q such that Qj is the chosen representative of 
the conjugacy class Qj for each j € J. Let ^(X^G 1 x Ej) be the stringy cohomology of 
the (C? J xi E/)-space X introduced in Section By Proposition 13.41 the G^-coinvariants 
of the stringy cohomology is 

CTeS/ 0eG o(<T) \9 <je0 e " / 
On the other hand, the Lehn-Sorger algebra associated to H* rb ([X/G]) is 

0iJ*((X°W)s') J 
s'sb / 

Proposition 6.3. There is a canonical isomorphism of E/- graded Y>i-modules: 

H* orb ([X/Gmj} ^ ^(X^G 1 x Ejf 1 . 
Proof: Choose z a € a for each a € o(<r). On the left-hand side, we can write 



where p(f) : (X^^X On the right-hand side, 

G 1 

v e H*((x I Y Ba ) z Gi ( - e B^ 



where : (X 7 ) 6 ^ (X I )f' 1 ^ a f. We have 

(I°W) fl = Y[X Sa ^Y[A a XSa = {X 1 )^ 

a a 

where the second isomorphism is defined by the diagonal embedding which is equivariant 
with respect to the actions of Z goM (q) and Z G i(e s a). For x G H*((X°^y) Z G°(°)^\ let 
A x denote the corresponding element in H*((X i Y sCT ) z g i ^ € b ct ) _ The isomorphism in the 
proposition is defined by 

TQMaj E P^*™ » TQMaj E P(/)* A *- 
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bmce we are averaging over and G 1 , this map is independent of the choice of repre- 

sentatives of conjugacy classes and of the choice of {i a } a eo(a)- D 

7. The obstruction bundle of the wreath product orbifold 

In this section, we compute the obstruction bundle ffl introduced in Section O for the 
stringy cohomology of (G 1 xi E/)-space X 1 . 

We henceforward adopt the following notation. 

Definition 7.1. For all go and hr in G 1 x £/, let S ga be the class y ga in K ((X 1 )^) 
defined by Equation (|5.4p and let c(go, hr) be the top Chern class of the obstruction bundle 
&(go, hr). If C is a connected component of (X 1 ) 9 ' 7 , let &ge(go)c denote the age of go on 
C. 

The following theorem is crucial in proving the algebra isomorphism in Theorem 18.21 

Theorem 7.2. Let o G £/ and choose i a G a for each a G o(o). Let q G G olyCr \ Let e s o be 
the element defined by Equation \3. 3\) . We have 



II (^(^e^Txi*..)) 



aGo(cr) 

where A a : X Sa — ^ ^xs a is the restriction of the diagonal embedding A a : X <^-> X a and 
S /P Q a is the class in K(X Sa ) defined by Equation |5.^[ j with respect to the action of G on X. 
For all g G G 1 , we have 

where q := ip a (g). 

Proof: Since v° (g)^ 1 gou° '(g) = e g o as in Equation (|3.5p . the second claim follows from 
the first claim and Equation (|5.5p . To prove the first claim, we can assume that o is a 
full cyclic permutation without loss of generality. In that case, o(o) = {1} and choose a 
representative jo € /. Let A : X — > X 1 be the diagonal map. 

Let V := C be the representation of (o) induced by the natural action of E/ on C 1 . Let 
{ej}j£i be a basis of C 1 such that the action of o on V which we also denote by p, is 

j jel 

for every v = J2jei v j e j ^V- As a (e o")-equivariant vector bundle, TX \^ x iy s a is isomor- 
phic to (TAx ® ^)|a xb • If P € Axb and u <g> v G T p Ax ® V, then e g cr acts on u ® v as 
follows: 

p(e g (j)(u (8) v) = p(cr) p(fl)u ® Ujej + ^ u (g> Vjej 

\ 3 Wo 

= p(g)u ® u^e^-i^) + ^ u <g> Vje^-iy). 
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Let r be the order of g and let TAx\a xb = ©[=o ^ be * ne eigenbundle decomposition of 
the diagonal action of q where the eigenvalue of p(g) on the eigenbundle Ui is exp (—2nil/r). 
Let V = 0^ Vfc be the eigenspace decomposition of a on V where n is the cardinality of 
/. The eigenvalue of p(a) on V k is exp (—2irik/n). If is generated by = Yljel v k,j e ji 
then the equality p(a)vk = exp(— 2irik/n)vk implies 

^2 v k,j^a-^(j) = ^exp(-27riA;/n)v fe jej. 
jei jei 

By comparing the coefficient of ej, we obtain 

v k,a(j) = exp(-2mk/n)v kd . (7.1) 

Let Vl is a 1-dimensional subspace spanned by 

n— 1 , 
Vfc = 2^ ex P(" 27rz — ) v fc,^(i«) e <x m (i(,)- 

m=0 

Introduce another decomposition V = ©/!=o ^fc> an< ^ then, together with the decomposition 
^Ax|A xg = 0[=o t^z, we have 

n— 1 / r— T \ 

rx J | (x z )e8CT =00^®^- ( 7 - 2 ) 

fc=0 \i=0 / 

This turns out to be the eigenbundle decomposition of the action of e s a on TX I \rx I Ys a an d 
the eigenvalue of Ui ® V k is exp(— 2ni + In fact, for any G C7j, 

' 71—1 / 7 \ \ 



p(e fl cr)*Ui ® v l k = p(cr)* ^p(fl)*u; ® v fc , Jo e J0 + ^ u« ® exp ^-2vri— J «/v m (jo) e <T m (io)J 

= exp I -27T2- I u; ® Vfejo^-Hio) + 2^ U; ® exp I _2 ^ _ J U fc,0™Oo) e <T 
\ / m=l ^ ' 

= exp ("2^^ ^ ® exp f-27ri^ Ujfe^Cjo) 6 *- 1 ^) 

+ ^ ^ ® exp (-2tu + ^)) Hjo) e a—Hio) 

m=l ^ ^ ' ' 

exp ^-2vri + ~)) «*,^yo) e <7*»(jo) J 



U; 



v m=0 

/ fc 



exp I -27ri I — + - I I u/ ® vi 

where the first and second equalities follow from the definition of the action of p(e s ) and 
p(cr), and the third equality follows from Equation (|7.ip . Thus we have 

n— 1 r— 1 



fc=0 Z=0 v 
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For all k and I, we have Ui <g> V l k Ui since is a 1-dimensional vector space. Thus 

n— 1 i — 1 / , r \ i — 1 7 re— 1 

S f „rr = 



/ 7 £-\ 7 i- / _ 1 

fc=0 1=0 V y «=0 fc=0 V 



□ 

This theorem leads to the following corollary which was obtained in [WZ] through the 
direct calculation. 

Corollary 7.3. Let q := ip a {g) and let C Qa be a connected component of X da for each a G 
o(o~). Every connected component of (X I ) 9a can be written as C := p(f CT (g))~ 1 (Y\ a j 
and we have 

dimX-/ CT s-^ 
&ge(go-)c = + 2^ a 9e{9a)c sa , 

a£o(cr) 

where age(g a )c Sa is the age of Q a on C Qa with respect to the action G on X and l a is the 
length of a. 

For the rest of the section, we assume that G is Abelian and adopt the following notation. 

Notation 7.4. Let a, r G £/. Let a G o(a),b G o(r),c G o(cxt) and d G o(a, r). Let 

o{cr)d '■= {a G o(a) \ a C d}, 
o(r) d := {b G o(r) | b C d}, 
o(aT)d := {c G o(<rr) | c C d}. 

Once and for all, choose representatives i a G a, % G 6, and i c £ c for all a G o(cr), 6 G o(r), 
and c G o(cxt). Furthermore, let gd(d) := gd{a,r)d for all d G o(<r, r). Let be the image 
of / G G 1 by the obvious projection from G 1 to G d . If q G G 0<yCT \ let be the image of g 
by the obvious projection from G ^ to G°^ d . Define fyd,K>d in the same manner for all 
fj G G°( T ) and ro G G ^. 

Lemma 7.5. For all g G G°^\\) G G°( T ), tt) G G°^ and f £ G 1 such that e s a ■ f^e^rf 
lies in O m ar, there exists h^) ^ G 2ad ^ for each d G o(a, t) and f G Y\ a A G suc ^ that 

n A a XBa n P (/) n A k = n ^^V'*"^' ( ? - 3 ) 

aGo(cr) 6Go(r) (iGo(cr,T) 

Note that = rT aeo ( CT ) A^ 8a and {X 1 )^^ = p{f) \\ beo{T) A b xH by Lemma 

Proof: Since the left-hand side of Equation (|7.3p breaks up into the direct product 

n( n Akn^) n A k 

d \aeo(<j) d beo(r) d 

we can assume that (a, r) acts transitively on / without loss of generality. Let gd := 
ffd(J) and f := fm G G 29a! . Since (a, r) acts on / transitively, the intersection Y[ a ^xsa H 

lib is contained in P(7) _1 A X9 ,f, for some / G [la A G- 

Associate an unoriented graph r to <r and r, where the vertices of T are the elements of / 
and the edges of T are {a ka (i a ), cr ka+1 (i a )} and {r kb (i b ), r kb+1 (i b )} for all a G o(a), b G o(r), 
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k a = 0, • • • , \a\ — 2, and fc& = 0, • • ■ , |6| — 2. This graph T is connected since (a, r) acts on 
/ transitively. The Euler characteristic of T is n — l a — l T . If b\ is the first Betti number of 
r, then 1 — b\ = n — l a — l T , hence 

bi = l a + l T + l- n = 2gd + \o(ar) | - 1. (7.4) 

Take z G p(f)^ 1 A XB ,t l and then z is in the intersection Y[ a A^ Ba H p(f) Tib ^x^t ^ and on ^ 
if z satisfies, for every edge {vq,v\}, 

{z Vl if {vo,vi} = {(J ka (i a ),a ka+1 (i a )} for some a and fc a , 

Pifvofv! 1 )^! if {«0,«l} = {T feb (^) 5 rfc!,+1 (^)} for some b and 

Let a be a closed, oriented circle in the graph and let E a be the set of oriented edges of 
r which are contained in a and whose orientations are induced from the orientation of a. 
The oriented edge associated to the edge {vq ,vi} is denoted by (vq ,vi). Let 



fvo, 



jl if {vq,v\} = {o- ka (i a ),a ka+1 (i a )} for some a and k a , 

\fvafvi 1 if i v o,vi} = {r hb (ib),T kb+1 (i b )} for some b and k b . 
and let f a := Y\( VQ vl )^E a fvo,vi> then Zi = p(j a )zi for every vertex i in a. Hence, z is in the 
intersection A XSa Hp(f) l\ b( z ^ A^ hi) if and only if z G / 9(/) _1 A Xg , l ,,f Q for every circle a. If 
a denotes the same circle a with the opposite orientation, then f„ = f~. If a is homologous 
to a', then f a / = f a . Therefore, if {ak}k=i,~- M is a basis of Hi(T,Z), we have 

n A3, Ba np(/) n = p(7)- i A X „ Slf , 

tt£o(u) 6Go(t) 

where f G G 2fi,d+ ' ( " r )'~ 1 and f k := f Qfe . Furthermore, since X s,i) >? has to be contained in 
X m , we have = X^' w >f for some f G G 2 ^. □ 

Proposition 7.6. Lei g G G ( a \ f) G G°M, tt> G and f G G 7 suc/i tfwit e^a-f^^rf G 

O to cjt. Let Z d := X^' 1 ^. C/ioose f (d) G G 2gd ^ for each d G o(a,r) and / G Ua A G 
which satisfies the equality |7,3[) m Lemma\7.5\ We have 



^(e a a,r\Tf) = [] p(f d )*Ai (TZ% d) ®(gd(d) - 1)TX\ u d) © j {d) ® ^ d \ j {d) ® S> x 

d£0(*,T) V ^ Zd Zd 

(7-5) 

where A d : Z^ d ' ^ d f(d) * s ^ e i somor phism induced by the diagonal embedding X X '. 

d 

For any g,h £ G 1 , 

<%(ga, hr) = p(u"(g))*^(e B a, f~\rf) 
where q := ip a (g), f) := ip T (h), and f := u T \h)~ l v° (g) . 

Proof: The second claim simply follows from Equation (|3.5|) and (|5,6|) . Let and be 
the restriction of the action of a and r on X d respectively. The left-hand side of Equation 
(|7.5p breaks up into the external direct product 
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where M d denotes the obstruction bundle of (G x T, d )-space X d . Hence, we can assume 
that {a, t) acts transitively on / without loss of generality. Let gd := gd(I). 
Let /' G G 1 such that 

By Equation (|5.6p . 
which is equal to 

r(A zf )eTX 7 | Azf © s 7 - leB(77 |A zf e s (/7) _ l£()T/7 |A zf ®s {f7yl€m _ i{(jTyif/J \ Azr 

Since / commutes with e s a, we have 

Since the commutator [(//) , e^r] belongs to (g, f), to, f), the actions of (//) _1 e[)T// and 
6[jT coincide on A Z f. Therefore 

S (/7)- 1 ^r//lA zt = Se„r|A zr 

Since also the commutator e m -i (<tt) _1 ] belongs to (g, h, tt>, f), the actions of e w -i (err) 

and (//)~ 1 e ro -i (ct) -1 // coincide on A^f. Therefore 

S (/'7)- 1 ^-i(^)-i/'7' A zf = ^-iCttJ-iIa^- 

Thus 

pQ)*&{wJ~\Tf) = T{A z t)eTX I \ Azf ®S eg(7 \ Azf ®S et)T \ Azf ©S ero _ l(CTr) -i| Azf 
and the proposition follows from Theorem 17.21 □ 
Definition 7.7. Let c[g, f), to, f]<2 be the top Chern class of the bundle 

(TZ f ^ © (gd(d) - 1)TX\ u d) ®y 0d \ Hd) ©J\J hd) ©^ -i| Hd) ) 

and let c[g, fj, to, f] := (g) d c[g, f), to, f] d . 

Corollary 7.8. T/ie top Chern class of &(e B (T, f e^rf) is 

c(e s a, r\rf) = (g) p(7 d )*A^[g, tt>, f) d = p(/)*A,c[g, f), to, f] 

d 

where A = U d A d :U d ^ f(d) ^ IL A" ' . 

z d 
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8. The ring isomorphism 

Suppose that G is an Abelian group and that {a, r) acts transitively on /. Let gd := 
gd(a,r)i. Let q G G°^\ fj G G°M, to G G°^ and / G G 7 such that e^r-f-\rf G O to (tt. 
Let Z := X0<"< ro . Choose f G G 2 3 d and / G IL A G so that 

aGo(cx) bGo(Y) 

as in Lemma [731 Let p ro ,qtt) be the following diagonal embeddings 



and r* : Z r <^-> Z be the canonical inclusion. For all x G -H^dla^/ > ^ A x 
H* ((X / ) e » <7 )^ a A<3 be the push-forward of x by the isomorphism ria^ " EL Axsa. 

Lemma 8.1. Under the canonical isomorphism in Proposition \6.3l the element 

G 1 



f'eG 1 KwareOmcrT J 



(8.1) 



o((7T)\IIl\G»(") 



i.2) 



|G|I 

corresponds to 

qm*(Pm(x®y) Ur^cffl, f),ttJ,f]) -err G H*((X^~ ' ' err. 
Proof: By the change of variables /' = //", 

— ^ £ p(/ / )*(Ax-p(/)A y ) = — ^ £ (p(/)*A x • p(/7)*A y ) . 

1 1 /'eG 1 1 1 f'eG 1 

Since A x is J^[ a A^-invariant and / G f^a A^, we have p(/)*A x = A x . The action of // re- 
stricted to A Z f agrees with the action of some element 7 in J} b Ag, since p(ff) Ylbe.oM A^ 6 
contains Ajf 9 ,&,n>,f • This implies that we have the following commutative diagrams, 



A 



4 pin )A Z f < 



A 



m a^ 



P(7 _1 ) 



p(Uf)- 1 ) 



p(ff)U b ^ 



*X>>b Llb^x^b "u J ) lib x^b 

where ti, t2, t3 are the canonical inclusions. By the diagrams above, we have 



p(//)*(A y )| A 



zf 



to O 



p((ff) 



-In* , 



t* o p(a 



-In* 



A, 



where the last equality holds because A y is Y\b A^-invariant. Thus, by Equation (|5.ip and 
Proposition 17.61 Equation (|8.ip is equal to 



|G|I°( 



r r r i I 



/?(/')* QA ro * (A X L« U A y [ A U p(/)*c(e cr, / e^r/) 



(8.3) 
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where qA ro : A Z f > ricA^c is the diagonal embedding. Therefore, by Definition 17.71 
Equation (18. ID corresponds to 

q ro * o r f * (r* f o p£,(x ® y) U c[fl, J), tr>, f]) ctt 

under the isomorphism. We obtain the proposition by applying the projection formula. □ 

Theorem 8.2. Assume that G is an Abelian group. J^iX 1 ,G* x T>j) gI is canonically 
isomorphic as a Hj-Frobenius algebra to H* rb ([X/G]){T,j} under the isomorphism defined 
in Proposition Iff. 51 In particular, the Lehn-Sorger algebra Hl rb ([X/G\){Y>i} satisfies the 
trace axiom. 

Proof: If we prove that they are isomorphic to each other as rings under the isomorphism 
in Proposition 16.31 then all other properties of S/-Frobenius algebras are clearly preserved 
by the isomorphism and, in particular, the trace axiom on the Lehn-Sorger side of the 
equality is satisfied. 

Let A be a partition of /. Consider the following subspace of JrffiX 1 , G 1 x £/): 

JT(A) := JT CT . 

o(<t)<A 

It is clear that this is a subalgebra of ffliX 1 ,G J x £/). By Lemma l7.5( Proposition 17.61 
and the Kiinneth theorem, it is clear that 



M>{\) ^($je(X d ,G d x E d ). 

Since the obstruction bundle is G 7 -equivariant and the equality (|T.3j) is preserved by the 
action of G 1 , we obtain 

J^(\) Gl (g) Jf {X d , G d x S d ) Gd . (8.4) 
deA 

Hence, to prove the theorem, comparing Equation (j4.5f) with Equation (18. 41) . we can assume 
that (a, t) acts transitively on / without loss of generality. 

The product of M'iX 1 ^G 1 x £/) G corresponding to the Lehn-Sorger product xcr • yr 
under the isomorphism is, by the change of variables /" = //', 

' E p(AM • (jT^i E p(f")* A > 



|G|I°WI '* x I I \G\\o(r)\ ^ • 



E i^ra- E p(A ( A * • K/)* A > 



|Gf||o((T)| + |o(T)|-|o(<TT)| |£||o( 

By Lemma 18. 1( YlfeG 1 P(f')* ( A x ' /°(/)*A y ) onr y depends on to and f. Hence, by the 
construction of f in Lemma 17.51 and by Lemma [ 



\Q\\o(a)\ + \o(r)\-\o{ur)\ E |G||o(<xr)| E />(/')* ( A x • p(/)*A y ) 
I I feG l I I f , eG l 

lGl W<rr)\-lJ- ^ E P(/0*(A x .p(/),A y ), 

w f e G 2 9 d 1 1 f'eG 1 
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where we chose an / for each pair (to, f) . By Lemma 18. 1| this corresponds to 



\G\ 



^1 zZ P^Yl Yl qro * (Pra( x ®y) Ur>c[g,f),m,f])crT. 

To finish the proof, we need to show Equation (|8.5p is equal to Equation (|5.15p . 

XCT ' yT = M ^ 5Zq™* (p*™(x^y)Uc( ,f))| Zm Ue 9d | Zro U^ttJ- 1 )!^ U^ n 

By the linearity of q^* and the cup product, we must show 

i>c[ , f), to, f] = c(fl, t))\z U cOiT 1 )^ U£„U e 9d |z- 

f 



27 



.5) 



The right-hand side of Equation (|8.6p is given by 
Ctop (£) U e^| z = < 



r ctop(£) ifgd = 0, 

ctop(£) Ue if (/cZ = 1 and Z = X, 
otherwise 



where £ is the bundle whose class in K(Z) is equal to 

tz © rx| z e y s \ z ®^\z® y m -i \z- 

Since c[g, i), to, f] is the top Chern class of the bundle 

TZ f © (gd - l)TX\ zf © y g \ z t © © | zf , 
the left-hand side of Equation (|8.6p is equal to 



•err. 



.6) 



(8.7) 



i.9) 



^ rj* rjC top (£) U c top (gd ■ TX\ zf © TZ\ zf © TZ f 

Hence, by the projection formula, 

5^r j »c[0,l),tt>,f] = c top (£)U Yl rf*c top (gd-TX\ Z f QTZ\ Z f (BTZ^Y 
f feG 2 9 d 

When gd = 0, we have^rf*c[g, f), tr, f] = ct op (£) since = Z. When gd = 1, 
c top (TX\ zf eTZ\ zf (BTZ^ = c top (N z/x )\ zh , f2 \Jc top (TZ^) 

where N z jx is the normal bundle of Z in X. Hence, the right-hand side of Equation (|8.9p 
vanishes unless Z = X by dimensional considerations. When gd = 1 and Z = X, we have 
£ = and the right-hand side of Equation (|8.9p equals £\ j 2 r^ctop (TX^ 2 ) = e. When 
gd > 2, the right-hand side of Equation (|8.9p vanishes by dimensional considerations. □ 



U0) 
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9. Example : a torus with an involution 

Let T := C 2 /(Zpi + Zp2 + Zp3 + ^Pa) be a 2 dimensional complex torus and Z2 be 
a group of order 2 generated by a. Let X := T and G := Z2 and let G act on X by 
a : 1— > (—z,—w). We have an orbifold [X/G] = [T/Z2]. There are 16 points, 

{<&}j=i,— ,i6) in X a corresponding to {Z- ipi +Z- ^P2 + ^- |p3 + Z- 5P4} C C 2 . The orbifold 
cohomology of [X/G] is 



# * r6 ([x/G]) = #*(?T 2 © //"•;{'/,}, 1- 



,16; 



Let fa := 1 and 02 be the class of top dimension such that J T fa = 1. Let {0fc}/c=3,-- ,8 be 
a set of generators of H 2 (T) such that 

03 U fa = fa U fa = fa U 06 = fa U 05 = fa U (fo = 08 U fa = 02 

and all other products between 0fc's, k = 3, • • • ,8, are zero. Let 0j+8 be a generator of 
H°({qj}) for each j = 1, • • • ,16 such that the products in the twisted sector is 



>k ■ 9k' 



for all k = 9, • ■ ■ , 24. The Q-degree of 0& is 2 for all = 9, • • • , 24, since the age of a on each 
fix points are 1. Let c be the bijection from {1, • • • , 24} to {1, • • • , 24}, denoted by k 1— > k c , 
such that fa U 0fcc = 02 for all k G {1, ■ • • , 24}. The only non-zero structure constants are 
m\ k = 1 and m? kkc = 1 for all k G {1, • • • , 24}. The Euler class is e = 2 • 240 2 . 

Now we want to compute the multiplication on Z^-coinvariants of the stringy cohomology 
of the wreath product orbifold [T^/Z^ x Ej], but instead, we compute the multiplication 
on the Lehn-Sorger side because of Theorem 18.21 

Without loss of generality, we can suppose that (a, r) acts transitively on / and let 
gd := gd(a,r)i. Let q G Z^' 7 '*, and f) S Z^ 7 "'* and let 

x®y:= I (g) faA ® ( (g) 0j G I (g) F*(T^J ® I (g) H*(T l)b ) i 

\aeo(cr) / \6£o(t) / \aeo(cr) / \6Go(t) 

The product xa • yr in the Lehn-Sorger algebra is 




XfT • yr I W <•>;.. K IW I r " m III V, I I ■ t 9d <rr, 



IK IT 



b / \ a b 



where m* is the comultiplication defined in Definition 14.11 
Let us observe that 
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m,(0!) = 2l°(^)l 


-E 


f E (g 




i=i 


\{i d }={2,- ,2,1,1°} d 


m*(0 2 ) = 2l°^)l 




02, 




d 




m*(0 fc ) = 2l°(^)l 


-1 


E <8>^ 






={2,-,2,k} d 



'Id I > 
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where d € o(ctt) and k 7^ 1, 2. Therefore we can write the multiplication on H* rb ([X/G]){T,i} 
as follows. 

Proposition 9.1. If gd = 0, 

m*(0 2 )0T i/{i a } U = {1, • • • , l,k,k c } 
xff-yr ={ m*O fc )o-T z/{i Q } U = {1, • • • , 1, A;} 
otherwise. 



ifgd = i, 

xer • yr 
Ifgd>2, XC T-yT = 0. 



48m,(0 fc ) ( TT i/ {i a } U {i 6 } = {1, • ■ ■ , 1} 
otherwise. 



10. Example : a point with the trivial G-action 

Let X = pt, a point, and let G be an arbitrary finite group acting trivially on X. 
The orbifold cohomology of [pt/G] is the center of the group ring C[G], which is denoted 
by iJC[G]. The stringy cohomology of the trivial (G 1 xi S/)-space pt is the group ring 
C[G xi £/]. The theorem in this section suggests the existence of the ring isomorphism 
between the G^-coinvariants of the stringy cohomology of G 1 x £/-space X 1 and the Lehn- 
Sorger algebra associated to H*([X/G]) even when G is not Abelian. 

Theorem 10.1. C[Gi xi T,i] gI is isomorphic to ZC[G]{Y,i} as T,i-Frobenius algebras. In 
particular, ZC[G]{Y^j} satisfies the trace axiom. 

Before we start the proof, let us introduce the idempotent basis of ZC[G]. Let {xk}keu 
be the set of all irreducible characters so that \U\ is the number of conjugacy classes in G. 
Define 

u * := ^rE^rt. (10.1) 

The following general orthogonality of characters is well-known, c.f. [Is]: for all k,l £U, 

^2^(gh)xi(g- l ) = hi\G\^-. (10.2) 



It follows that {ufc} forms a basis and satisfies 

Ufc • ui = S ki u k and r/(iij,u fc ) = 5 M 

In terms of this idempotent basis, 2C[G]{S/} is generated by ( ® oeo ( CT ) u k a J a where a G X/ 
and k„£!i for each a € o(o~). By the canonical isomorphism in Proposition! 



\G\ 



® ^ - - Uae :^ a{1) e n ^u 1 )) 9° ■ (10.3) 



30 TOMOO MATSUMURA 



Proof: Let a, r G £j. We can assume that (a, r) acts transitively on / without loss 



2 



of generality. The Euler class of 2C[G] is e = X^feew ( xS^i) J Ufc ' ^ e P rocH1 ct m the 
Lehn-Sorger algebra in terms of the idempotent basis is given by 



K aeo(a) / \beo(r) 
,qi \ n+|o(oT)| — |o(ct)|-|o(t)| / \ 

3^y J (® cG o( CT r) u fc J • °" T > if k a = h = k for all a, 6 ^ WA ^ 

[ 0, otherwise. 

Hence, we need to show that 

E f II Xfc.(^ T 0/)« 1 )) ^" E ( II XkAV{h)- b l )\ hr (10.5) 

9GG' \aeo(cr) / heG 1 \feeo(r) / 

is equal to 

3^1)) J2 we c' (Uceo(ar) Xk{V T (w)c 1 )) war iik a = k b = k for all a and b, ^ 

[0 otherwise. 

We use the following well-known two formulas for all irreducible characters Xk, Xi an d f}hE 
G: 

E Xk(fg)xi(g- 1 h) = S kl -^- Xk (fh) (io.7) 

and 

E Xiifghg- 1 ) = -^Xk(f)Xk(h). (10.8) 

The first is just the generalized orthogonality of characters and the second one is found in 
Hi|, Exercise (3.12). 

Choose representatives i a and % from a and b respectively for all a G o(a) and 6 6 o(r). 
By letting u; := <?/?, CT , we can write the expression (|1Q.5[) as 

E X ™,{k«Ukb} • waT 
weG 1 



i[xk a (g la 1 w ia 1 --- g J al _ 1{ia) wJ al _ 1(i J - Hxk b (gv(i b )---g aT \ b \-i iib) ) 



where 

Xw,{k a },{k b } ■= E 

geG 1 

(10.9) 

Suppose that there is no k G U such that k a = k b = k for all a and Since (a, r) acts on I 
transitively, we can choose our representatives {i a } and {if,} in such a way that v = cr{iy) 
and fc a ' 7^ ky for some a' G o(c) and 6' G o(r). By eliminating the summation over the 
component g% , of g by Equation fllQ.Tf) . we conclude that X W) {k a },{k b } = for each w G G 1 . 
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Now assume that k = k a = kb for all a and b. We need to show that 

*M*.M*} = (Su) II Xk (< • • • < r) ld- 1(ic) ) (10-10) 

cGo(crr) 

for every w £ G 1 . 

First of all, pick a component of the summation variable g in Equation f)10.9j) and elimi- 
nate it by using Equation (|10.7p . Next, eliminate the summation over another component Qi 
of g by Equation (|10.7p if gi and g^ 1 appear in separate Xfc's> or by Equation (|10.8j) if they 
appear in the same Xk- Repeat this process until all summations have been eliminated. 
After each replacement, on the right-hand side of a component g a ^ is either a g aT u) or 
W CTr(i) an< l on left-hand side of g a {i) i s either a uTli^ or g aT -i(iy Note that, on the 
left side of g~u\ is always a «;^~ . Hence, after we eliminate the summations over all of the 
components of g in the expression (|10.9p . we obtain Equation (jlO.lOp . 

This proves that the canonical isomorphism defined in Proposition 16.31 preserves the 
ring structure. All other properties of E/-Frobenius algebras are clearly preserved by the 
isomorphism. Thus C[Gi x is isomorphic to ZC[G]{T>i} as S/-Frobenius algebras. 

In particular, iJC[G]{£/} satisfies the trace axiom. □ 



11. Hilbert schemes and wreath products orbifolds 

In this section, we will relate the wreath product orbifold associated to a G-space X to 
the Hilbert scheme of n-points on Y when Y is a crepant resolution of X/G. Throughout 
the section, all vector spaces are over C and we will work in the algebraic category. 

Definition 11.1. Let If be a normal variety over C and let if be a rank 1, torsion 
free, coherent sheaf of ^vK-module over W . Jzf is called divisorial [Relj if and only if any 
torsion free coherent sheaf of ^w-module, such that Jzf C ^# and Supp(^#/,£?) has 
codimension > 2, coincides with . 

Remark 11.2. Let ££ be divisorial. If W° C W is a non-singular open subvariety such 
that has codimension > 2, then Jzf \ x o is invertible and if = j*(Jf\ x o) |Rel| . where 

j : W° W denotes the canonical inclusion. Let Kw be the canonical divisor of W. By 
Proposition (7) in |Rel] . the canonical sheaf low '■= &{Kw) of W is divisorial. Hence, we 
have low = j*^>w° since coyy \ w o = %o. 

Definition 11.3. Let W and Y be normal varieties. A birational morphism ir : Y — ► W is 
crepant if wy = ir*co\y. 

Definition 11.4. A normal variety W is Gorenstein if and only if all of the local rings are 
Cohen-Macaulay and Kyy is Cartier. 

Lemma 11.5. Let W and Y be Gorenstern varieties. If ir : Y — > W is a birational 
morphism, then ir*Kx is divisorial. 

Proof: Let dimVF = dimY = n. Since K\\r is Cartier, Tr*K\y is also Cartier. Hence, 
TTxLUw is torsion-free and of rank 1. Let ^ be a torsion- free sheaf such that tt*ljw C ^# 
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and dim(Supp^/7r*cJvy) < n — 2. Let L := Ky — Tr*Kyy. L is Cartier and ££ := G{V) is 
an invertible sheaf. It follows that tt*ujw ® JSf = wy C (8> -5f and 

dim(Supp((^# ® ^f)/uy)) < dim(Supp^#/7r*o;p^) < re — 2. 

Since J5P" 1 ((^r <8> Sf)/uy) = 0, we have (8> JSf ) = # n (wr) ^ C by Serre duality. 

Hence, there exists an element in Hom(^# <g> JS?, wy) which gives a splitting of the short 
exact sequence 

-> uj y -> ^# ® Jgf -»• (^T ® i?)/wy -»• 0. 
However, since ^# (g> Jzf is torsion-free, (g> Jz?)/wy = 0. □ 

Theorem 11.6. Lei and Y &e normal varieties with dimension > 2. Suppose that 
W\W° has codimension > 2 and i/iai Y n /£ ra and W n /T ln are Gorenstein. If -k : Y — > 
zs a crepant resolution, then the induced map tt : Y n /T, n — > W n /£ n zs crepant. 

Proof: The smooth locus of W n /T, n is equal to (W n \A^y) /E n where A^, is the pairwise 
diagonal of W n . Let V Y := tt" 1 ^). Let 5F : Y n \LV -»■ IV n \A^ be the map ^ xrt 
restricted to Y n \V Y . Since vr xn : Y n -> is crepant, Kyn = (vr*™)*^™- Consider the 
commutative diagram 

Y n < Y n \£>y 

7T X " 7f 

< W n \A^r 

where the horizontal arrows are the obvious inclusions. We have 

K Y n \D Y = K Y n W n \V Y = {{^ Xn )* K W n ) W n \D Y = {K W n\ Wn \^* w ) =W*K W n\ A * w . (11.1) 

Consider the following commutative diagram 

Y k\V y —5-^ (Y"\P y )/S„ 

W»\Afc -5U (W™\A^)/£ n 

where q and q' are the canonical projections. Since the actions of £/ on Y n \Dy and 
W m \A^y are free, Equation (jll.ip implies that if(yn\x> y )/s n = 7r'*-^(VK™\A* )/£„■ Hence 

^y'VE,J(y"\D y )/s„ = |(y»\x> y )/E„- 
Since both Kyn/^ n and 7r*-fT^n/s n are divisorial (Remark 111.21 Lemma lll.5p . we obtain 

K Y»/E„ = ^* K W"/T, n - D 

Remark 11.7. For a non-singular variety X with an action of a finite group G, the variety 
X/G is Gorenstein if and only if the age of a on any connected component is an integer 
for all a € G. See Remark (3.2) in [RelJ. If dimX is even and X/G is Gorenstein, by 
Corollary 17.31 X n /G n xi S n is Gorenstein. In particular, for a non-singular variety Y with 
even (complex) dimension, the age of the symmetric product Y n /X n is always an integer 
so that Y n /T, n is Gorenstein. 
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If Y is a smooth projective surface, then the Hilbert-Chow morphism Y^ — ► Y n /Yj n 
from the Hilbert scheme of n points on Y to the symmetric product of Y is a resolution 
of singularities [Foj . which is also crepant [Bej . Hence, together with Theorem 111.61 and 
Remark 111.71 we obtain the following. 

Corollary 11.8. Let X be a smooth projective surface with an action of a finite group 
G. Suppose that X/G is Gorenstein. If ir : Y — > X/G is a crepant resolution, then 
Yi n i — » W n /S n is a crepant resolution. 

Together with Theorem 18.21 we obtain the following result. 

Theorem 11.9. Let Y be a smooth projective surface with trivial canonical class. Let X 
be a smooth projective surface with an action of a finite, Abelian group G. Suppose that 
X/G is Gorenstein. If it : Y — » X/G is a crepant resolution and the ordinary cohomology 
ring H*{Y) is isomorphic as a Frobenius algebra to the Chen-Ruan orbifold cohomology ring 
H* rh ([X/G\), then Y^ — » X n /Y, n is a hyper-Kdhler resolution and H*(Y^) is isomorphic 
as a ring to H* rb {[X n /G n x £„]). 

Proof: We have 

JT(y",S„) *± H*(Y){X n } <* H* orb {[X/G]){T, n } J?(X n ,G n x S n ) G ". 

where the first equality is due to |FG] and the third is Theorem 18.21 Since 
H*(Y){T, n }^ n [LSj . we obtain the theorem by taking £ n -coinvariants everywhere in the 
above equality. □ 
This theorem is a special case of the following conjecture due to Ruan [Ruj . 

Conjecture 11.10 (Cohomological hyper-Kahler resolution conjecture). Suppose that Y — » 
X be a hyper-Kahler resolution of the coarse moduli space X of an orbifold X . The ordinary 
cohomology ring H*(Y) of Y is isomorphic to the Chen-Ruan orbifold cohomology ring 
H^(X)ofX. 

Remark 11.11. The conjecture in the special case of wreath product orbifolds has been 
verified when X = C 2 and G is a finite subgroup of SL2(C) in [EG| . In particular, an 
explicit ring isomorphism between H*(Y^) and H* rb ([X n / G n x S n ]) has been established 
when X = C 2 and G is a finite cyclic subgroup of SL2(C) by using Fock space methods in 

|qw2i . 
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